We extend the Polyakov-loop improved Nambu-Jona-Lasinio (PNJL) model to 2+1 flavor case to study the chiral and deconfinement transitions of strongly interacting matter at finite temperature and nonzero chemical potential. The Polyakov-loop, the chiral susceptibility of light quarks (u and d) and the strange quark number susceptibility as functions of temperature at zero chemical potential are determined and compared with the recent results of Lattice QCD simulations. We find that there is always an inflection point in the curve of strange quark number susceptibility accompanying the appearance of the deconfinement phase, which is consistent with the result of Lattice QCD simulations. Predictions for the case at nonzero chemical potential and finite temperature are made as well. We give the phase diagram in terms of the chemical potential and temperature and find that the critical endpoint (CEP) moves down to low temperature and finally disappears with the decrease of the strength of the 't Hooft flavor-mixing interaction.
Introduction
QCD phase diagram and thermodynamics has been a subject of intense investigation in recent years. Lattice QCD simulation is a principal approach to explore the qualitative features of strongly interacting matter and make quantitative prediction of its properties.
Over the years, this formulation has given us a wealth of information about the phase diagram and thermodynamics at finite temperature and limited chemical potential(see for example Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In response to the Lattice QCD simulations, many phenomenological approaches in terms of effective degrees of freedom have been developed to give interpretation of the available Lattice data and further to make prediction in the region of phase diagram that can't be reached by the Lattice QCD.
A promising ansatz of this sort approach is the Polyakov-loop improved Nambu-JonaLasinio model (PNJL) [17] [18] [19] [20] , which combines the two principal non-perturbative features of low-energy QCD: confinement and spontaneous chiral symmetry breaking in a simple formalism. The validity of PNJL model has been tested in a series works by confronting the PNJL results with the Lattice QCD data [20] [21] [22] [23] [24] . It has been reported that the 2 flavor (u and d quarks) PNJL model can reproduce the result that the crossovers for deconfinement phase transition and the chiral phase transition almost coincide [19, 20] . For finite chemical potential, further investigations suggest that the thermodynamics and susceptibilities obtained in PNJL model are perfectly in agreement with the corresponding Lattice QCD data [20] [21] [22] . Recently, the impact of Polyakov-loop dynamics on the color superconductivity phase transition and on the pion superfluidity phase transition within PNJL have been explored in Refs. [23] and [24] , respectively.
Although the entanglement of the chiral and the Polyakov-loop dynamics turns out to be indispensable to understand the nature of QCD phase transitions and thermodynamical behavior, the investigations based on this idea up to now are all performed for the two flavor case with small current quark mass so far. Whether the synthesis of Polyakov-loop dynamics with the NJL model when including strange quark works well is still unknown.
Neverthelss, the study of the critical temperature of the 2+1 flavor QCD phase transition by the Lattice QCD simulations with physical masses in the continuum limit have recently been reported [15, 25] . Therefore it is interesting to extend the 2 flavor PNJL model to the 2+1 flavor (i.e., including not only u, d quarks, but also s quark) case to compare with the recent results of the Lattice simulations. In addition, it is worth investigating the 2+1 flavor QCD phase diagram at finite baryon chemical potential in the NJL model with Polyakov-loop.
One should note that, in the absence of dynamical quarks, the Polyakov-loop expectation value can be taken as an order parameter to identify the color confinement and deconfinement in pure gauge theories (see for example Refs. [17] [18] [19] [20] ). With the introduction of dynamical quarks with physical masses, the exact Z(N c ) center symmetry for the gauge fields is lost and the Polyakov-loop is no longer an exact order parameter for the transition from the low temperature, confined phase, to the high temperature, deconfined phase. However, with the distribution function of the quark states, the Polyakov-loop expectation value can still describe the evolution from color-singlet tri-quark state to color-triplet single quark state.
Moreover, the results of Lattice QCD [15] show that the Polyakov-loop is also an useful quantity to locate the crossover for deconfinement. Then, the terminology "confinement" we take here is the statistical suppression of the color-triplet quark propagation, but not the dynamical quark confinement. Similarly, the chiral symmetry is explicitly broken by the nonvanishing current masses of quarks. However the chiral condensate is also useful to indicate the chiral crossover.
The purpose of this paper is to extend the 2 flavor PNJL model to 2+1 flavor case to explore the QCD thermodynamics and phase diagram at finite temperature and nonzero chemical potential. The focuses are concentrated on the validity of 2+1 flavor PNJL at finite temperature in comparison with Lattice QCD data and its predictions for the case at nonzero chemical potential and finite temperature. The paper is organized as follows. In Section 2, we extend the PNJL model to the case of 2+1 flavors. In Section 3, we discuss the phase transition of strongly interacting matter at finite temperature and zero chemical potential by analyzing the Polyakov-loop, the chiral susceptibility of light quarks, the strange quark number susceptibility and other related quantities as functions of temperature at zero chemical potential and comparing the results with those of Lattice QCD simulations. In Section 4, we make predictions for the phase transitions in the case at nonzero chemical potential and finite temperature and give a phase diagram of the strongly interacting matter in terms of the temperature and chemical potential. Finally, in Section 5, we give a summary and conclusion.
The 2+1 Flavor PNJL Model
Following Ref. [20] , we extend the 2 flavor Polyakov-loop improved NJL model to include the strange quark and the 2+1 flavor NJL model [26] with a Polyakov-loop can then be given
where
T is the three-flavor quark field, L being a matrix in color space given explicitly by [20] L
with β = 1/T being the inverse of temperature and A 4 = iA 0 . In the so-called Polyakov gauge, the Polyakov-loop matrix can be given as a diagonal representation [19] . The coupling between Polyakov-loop and quarks is uniquely determined by the covariant derivative D µ in the PNJL Lagrangian in Eq. (1) . The trace of the Polyakov-loop, Φ and its conjugate, Φ * , can be handled with classical field variables in the PNJL.
Temperature dependent effective potential U(Φ, Φ * , T ) is taken to reproduce the thermodynamical behavior of the Polyakov-loop for the pure gauge case in accordance with Lattice QCD predictions, and it has the Z(3) center symmetry like the pure gauge QCD Lagrangian.
This Z(3) center symmetry is spontaneously broken when temperature is above some critical point (T 0 ≃ 270 MeV in pure gauge QCD [20] ) and the traced Polyakov-loop develops a finite value. In the absence of quarks, Φ = Φ * and the Polyakov-loop serves as an order parameter for the deconfinement exactly.
In previous works, two possible forms for the Polyakov-loop effective potential have been well developed. One is a polynomial in Φ and Φ * [20] , which is denoted by U pol (Φ, Φ * , T ) in this work and another is an improved effective potential in which the higher order polynomial terms in Φ and Φ * are replaced by a logarithm [22, 23] . We denote this improved effective potential by U imp (Φ, Φ * , T ). Both effective potentials are taken in the present work to investigate whether our results depend on the details of the Polyakov-loop effective potential.
These two effective potentials have the following forms
with
and
A precise fit of the parameter a i and b i in these two effective potentials has recently been performed to reproduce the Lattice QCD data for pure gauge QCD thermodynamics and the behavior of the Polyakov-loop as a function of temperature in Refs. [20] and [23] , respectively. In these two works, T 0 = 270 MeV is chosen to be the critical temperature for the deconfinement to take place in the pure gauge QCD.
After performing the mean field approximation for the Lagrangian of the three-flavor PNJL in Eq. (1), we obtain the thermodynamical potential density as
where µ is the chemical potential, T is the temperature, φ i is the chiral condensate of quarks with flavor i, and
i is its corresponding quasiparticle energy, with constituent masses for the quark of flavor i
As mentioned above, the breaking of the isospin symmetry is neglected throughout this work.
We have thus φ u = φ d ≡ φ l in the absence of isospin chemical potential.
Minimizing the thermodynamical potential in Eq. (8) with respective to φ l , φ s , Φ, and Φ * , we obtain a set of equations of motion
This set of equations can be solved for the fields as functions of temperature T and chemical In the NJL sector of this model, five parameters need to be determined. In our present work we adopt the parameter set in Ref. [27] , m l = 5. It has been strongly suggested by current Lattice QCD simulations that the transition from low temperature hadronic phase to high temperature quark-gluon-plasma (QGP) phase at vanishing quark chemical potential is a continuous, non-singular but rapid crossover [16, 28] .
It has also been demonstrated that because of the non-singularity of the crossover, different observables lead to various values of transition temperature (T c ) in the 2+1 flavor QCD with physical masses both for the light quarks m l and for the strange quark m s even in the continuum and thermodynamical limit [15] . In order to determine the critical temperature T c at vanishing quark chemical potential in the 2 + 1 flavor PNJL model, we consider three quantities, which were used to locate the transition point in the Lattice QCD simulations in
Ref. [15] , the traced Polyakov-loop (i.e., the Polyakov-loop expectation value. In the following we just denote it as Polyakov-loop for simplicity), the light quark chiral susceptibility and the strange quark number susceptibility.
The chiral susceptibility of the light quark is defined as
In order to obtain a dimensionless quantity and renormalize the divergence of the thermodynamical potential Ω in Lattice QCD simulations, this quantity was normalized to the following one [15] :
In the PNJL model we have
with A (x, T, Φ) and f (x, T, Φ) being defined as
respectively. Here, we do not distinguish Φ and Φ * , because they have the same value at
The strange quark number susceptibility is defined as [29] χ s
and in the PNJL model given explicitly by when quarks (including the light and the strange) have physical current masses, the chiral phase evolution is not a true phase transition but a continuous crossover. At the same time, the coupling of the Polyakov-loop to quarks turns the first-order deconfinement transition for the pure-gauge QCD into a crossover as the same as that in the two flavor PNJL case [20] .
To determine the pseudo-transition temperature, we have also calculated the derivatives of are T c (χ l ) = 192(7)(4) MeV in Ref. [25] , 151(3)(3) MeV in Ref. [15] and 169(12)(4) MeV in Ref. [29] . This feature is the same as the standard NJL model which also has relatively larger chiral transition temperature [30] .
Comparing the upper panel with the lower panel of Fig. 1 , one can find that the Polyakovloop corresponding to the improved effective potential changes more rapidly near the T c (P ) than that relevant to the polynomial effective potential. The peak of ∂Φ/∂T in the lowerright panel of Fig. 1 is much narrower and higher, which induces two little bumps in the curves of ∂φ l /∂T and ∂φ s /∂T at T c (P ), while there is no such bump in the curves in the upper-right panel of Fig. 1 for the polynomial effective potential. These phenomena indicate that, for the improved effective potential, the deconfinement transition has an obvious influence on the chiral condensate.
One may have a question about why the peak of the temperature derivative of the Polyakov-loop Φ obtained in the improved effective potential is much narrower than that given by the polynomial effective potential. To explore the underlying physics, we recall that, once the dynamical quarks with physical masses are introduced, the Z(3) center symmetry is explicitly broken, so that deconfinement phase transition changes from a first order one in pure gauge theories to a crossover. It is then natural that the temperature derivative of the Polyakov-loop smears to a peak with finite height and finite width. The calculated results shown in Fig. 1 manifest that both the polynomial effective potential and the improved effective potential give definitely the temperature derivative of the Polyakov-loop peaks with finite width and finite height. It indicates that both the effective potentials represent the dynamics correctly in some sense. As for that the width given by the improved effective potential is narrower, we should note that recent Lattice QCD results show that the normalized pressure for full QCD with dynamical fermions looks the same as that in the pure gauge theories [28] , which indicates that it may be the dynamics of gluons that drives the QCD phase transition, but not that of the fermions [31] . And the crossover of the phase evolution is a quite rapid one [16, 28] . The improved effective potential replaces the higher order terms in Φ and Φ * in the polynomial effective potential by the logarithm of the Jacobi determinant which results from integrating out the six non-diagonal Lie algebra directions while keeping the two diagonal ones to represent Φ [19, 22, 23] . It means that, the improved effective potential describes the dynamics of the Polyakov-loop (i.e., the gluon dynamics) more appropriately and correlates to the effect of the dynamical quarks more slightly. The narrower width of the deconfinement crossover with the improved effective potential can thus be attributed to that the improved Polyakov-loop effective potential represents better the gluon dynamics.
The calculated results of the temperature dependence of the chiral susceptibility of light quarks are shown in Fig. 2 . The pseudo-critical point T c (χ l ) determined from the peak of the chiral susceptibility is 208 MeV for U pol and 213 MeV for U imp . These values do not exactly coincide with the results of T c (l)s shown in Fig. 1 , which reflects the nature of the crossover of the phases. However, the discrepancies of the pseudo-critical points from different susceptibilities are within 10 MeV. In addition, the peak is followed by a little platform coming from the contribution of the chiral crossover for light quarks due to the flavor-mixing effects. This phenomenon can be understood as the follows. Being not color-singlets, there are almost no free strange quarks before the deconfinement crossover takes place. As the temperature increases, the crossover for the deconfinement occurs and the strange quark number susceptibility develops to finite values abruptly. In general case, the quasiparticle energy of strange quarks becomes smaller due to the partial reduction of the condensate of strange quarks which is along with the light quarks chiral crossover because of the flavor-mixing interactions. It leads it easier to excite quarks, and in turn to increase the value of the quark number susceptibility. However, since the improved effective potential represents the gluon dynamics better and the deconfinement crossover governed by the gluon dynamics occurs more abruptly as mentioned above, the increasing rate of the strange quark number susceptibility with respect to temperature induced by the deconfinement crossover dominates over that induced by the reduction of the quark condensate at the deconfinement pseudo-critical temperature. As a consequence, the pseudo-critical temperature given by the strange quark number susceptibility coincides with that for the deconfinement crossover. As the temperature increases further, the reduction of the quasiparticle energy of the quark begins to play the role, it generates then a platform in the curves of ∂(χ s /T 2 )/∂T . In order to study the influence of the deconfinement crossover on the χ s further we turn off the flavor-mixing interaction by setting KΛ 5 = 0. The obtained results are illustrated in the thicker curves in Fig. 3 . We find again that χ s /T 2 gradually develops a finite value with the appearance of the deconfinement phase. Since the χ s /T 2 is no longer influenced by the light quark chiral crossover any more, the difference between the pseudo-critical temperatures given by the two effective potentials is much smaller than that with the flavor-mixing being taken into account. Furthermore, the curve of ∂(χ s /T 2 )/∂T for the polynomial potential moves down to lower temperature obviously and there are not any platforms on the curve of ∂(χ s /T 2 )/∂T for the improved effective potential. Therefore, we could qualitatively understand the results of Lattice QCD simulations in Ref. [15] that the pseudo-critical point determined from the strange quark number susceptibility is quite close to that determined from the Polyakov loop. Nevertheless, it is not obvious that the quark number susceptibility has any relations with the chiral crossover for light quarks, which maybe indicates that the flavor-mixing interactions are relatively weak at high temperature. However, recent Lattice QCD simulations [25, 29] show that there are some uncertainties in 
develops a finite value. It has also been demonstrated that this difference originates from the sign problem of the fermion determinant at finite density, which is unavoidable not only in Lattice QCD simulations but also in the mean-field approximation [32] . However, it
was shown that such a difference between Φ and Φ * at finite density may be not of major qualitative importance in determining the phase diagram [20, 33] . Therefore, we use the average value of Φ and Φ * to indicate the pseudo-deconfinement phase transition at finite density, viz.
Solving the four equations in Eqs. (10), we can obtain Φ and Φ * as functions of temperature T and quark chemical potential µ, and in turn the ∆Φ and Φ defined above. In the following discussions, we are only concerned about quantities ∆Φ and Φ, therefore, Φ is just denoted by Φ from now on. Fig. 9 have peaks at the same temperature as the curves of ∂φ l /∂T in the right panel of Fig. 8 . This is reasonable because φ s is influenced by φ l through the 't Hooft flavor-mixing interactions. However, higher temperature is needed to reduce the value of φ s to approach zero since the strange quark has much larger current mass. Therefore, we see that there is a broad peak after the restoration of the chiral symmetry for light quarks on the curve of ∂φ s /∂T with µ = 350 MeV in the right panel of Fig. 9 , which corresponds to the further reduction of the condensate for strange quarks. It should be noticed that there are some uncertainties in the location of the broad peak corresponding to µ = 350 MeV because of the high chemical potential and temperature, since in these regions, the fermionic distribution function is nonvanishing at momentum beyond the cutoff of the model, which
indicates that those regions are out of the scope of NJL-like models. in Fig. 10 of Ref. [32] . Fig. 11 shows the ∆Φ at finite quark chemical potential. We have magnified the value of ∆Φ by ten times in order to compare it to the Φ conveniently. As one observes that the value of ∆Φ increases with the temperature below the deconfinement pseudo-critical temperature T c (P ), while above T c (P ), it decreases and approaches to zero. in Ref. [15] . However, T c (χ l ), T c (χ s ) and T c (P ) found in another Lattice simulation [25] almost coincide and there is not the hierarchy. But we should be careful to use the results in Ref. [25] , because the lattice spacings used in Ref. [25] are not in the scaling regime and the results obtained with their lattice spacings can not give a consistent continuum limit for T c [15] . Making use of the two different Polyakov-loop effective potentials, we find that there is always an inflection point in the curve of strange quark number susceptibility vs temperature, accompanying the appearance of the deconfinement phase, independent of the strength of flavor-mixing interaction, which is also consistent with the results of Lattice QCD simulations [15] . Effects of the current mass of strange quark (m s ) are studied, too. We find that the chiral crossover for light quarks moves down to lower temperature and become more abruptly with the decrease of m s , while the deconfinement crossover is almost not influenced by the variation of m s .
Furthermore, predictions for nonzero quark (baryon) chemical potential and finite temperature are made in this work. We investigate the temperature and chemical potential dependence of the Polyakov-loop Φ, ∆Φ and the condensates for light quarks and strange quarks as well as their mutual interactions. We find that in the deconfinement phase the value of Φ approaches to one and ∆Φ is much smaller than that of Φ. We also give the phase diagram of the strongly interacting matter in terms of the chemical potential µ and temperature T . It shows that the critical endpoint (CEP) moves down to the µ-axis and finally disappears with the decrease of the strength of the 't Hooft flavor-mixing interaction.
On the contrary, the CEP moves toward to the T -axis as the current mass of strange quarks is reduced and disappears when the chiral limit is approached.
It is well known that the U A (1) symmetry of QCD is explicitly broken by the axial progress and we will report it elsewhere.
